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Abstract: The problem of fault detection and isolation for uncertain continuous-time linear
switched systems in the presence of disturbances and noise is addressed in this paper. A
robust residual generator is proposed which is based on asynchronously switching filters, where
“asynchronous” means there is a lag between switching of filters and subsystems. To address the
issue, fault detection problem is formulated as mixed H_/H filtering problem. In proposed
H_/H,, technique, the effect of fault on residual signal is fixed to some maximum possible
index and then influence of unknown inputs (disturbances and noise) on residual is minimized.
In addition proposed filter has prominence of having fault isolation capability along with fault
detection. To improve the fault detection capability adaptive threshold is set which takes
into account local disturbance levels, the current operational mode and applied input signal.
Then, solution is designed for boost converter switched system application and simulations are
presented to illustrate the efficacy of the proposed framework.
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1. INTRODUCTION

In the last few years, due to their significance in theory
and practical applications, switched systems have fasci-
nated many researchers. These systems are significant in
modeling complex dynamical processes into linear mul-
tiple sub-systems Abdo et al. (2013) and have numer-
ous applications in control of robotics, mechanical sys-
tems, automotive industry, aircraft and air traffic control,
switched power converters, and in many other fields, see
for details Liberzon (2003). Switched systems are a class
of hybrid systems consisting of subsystems, which have
either continuous-time or discrete-time dynamics, and a
switching signal which governs the activation of any par-
ticular subsystem along the trajectory of the switched
system at any instant of time. Like other technical systems,
abnormalities (faults) in sensors, actuators and process
components of switched systems are inevitable. Along with
stability issues, the occurrence of faults turns the situation
rather difficult o handle. It is therefore, highly required to
develop tools, schemes and methodologies of diagnosing
faults for switched systems. Notice that fault detection and
isolation (FDI) for dynamical systems is an active area of
research, see for instance, Frank et al. (2000); Ding (2008);
Chen and Patton (2012), wherein model-based FDI has
drawn the attention of the researchers. The basic idea of
model based fault detection is to generate a residual sig-
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nal (symptom signal) by comparing the measured output
signals of a physical system with the estimated outputs.
Uncertainties are quite often present in system model; due
to aging effect, change of process components, linearizion
error, and inaccurate modeling of complex systems Ding
(2008). To cope with this problem, the FDI system has
to be maximally sensitive to the occurring faults in the
system and at the same time maximally robust against un-
known inputs. To this end, a range of optimization indices
have been proposed. Few of those are, Ho/Hs, Hoo/Hoso,
H_/H, Ding (2008), whereas the H_/H, index is of
particular interest in our research, because of its twofold
nature for the solution of the said problem. The H_ index
takes into account the minimum influence of faults, while
the H,, norm considers the worst-case effect of unknown
inputs on the residual signal.

FDI problem for switched systems is being considered
actively but has not been intensively studied so far. To
mention few of them, fault detection (FD) problem for
discrete time switched systems is considered by Belkhiat
et al. (2011), while for continuous case Wang et al. (2010).
Abdo et al. (2011) considered fault detection for uncertain
discrete time switched systems. Wang et al. (2007) utilized
H_/H,, performance index for optimal fault detection in
switched systems. However, all the aforementioned efforts
for the problem have assumed that the fault detection
filter is switching with the subsystems in synchronous
manner. In this way, the problem is reduced to multi-
ple linear dynamical systems simply. While in practice
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it takes time to identify the particular subsystem active
at any instant of time. Therefore, the phenomenon of
asynchronous switching between filter and system exists in
general. In asynchronous switching there is a lag between
filter and subsystem. Although the asynchronous problem
has gained attention of FD research community in recent
years Belkhiat et al. (2011); Du et al. (2013), still it
deserves more attention to be paid. Belkhiat et al. (2011)
studied fault detection problem for discrete switched sys-
tems with the assumption that the governing switching
signal is unknown. Particularly, the work of Du et al.
(2013), motivated us to explore further the asynchronous
switching problem in fault diagnosis. In aforementioned
work H filtering technique is used to formulate and
design the filter structure.

In this paper, we present a solution to the fault detec-
tion and isolation problem for uncertain continuous-time
switched systems under asynchronous switching case. This
work is extension of our results Raza et al. (2014), by tak-
ing norm-bounded model uncertainties into account and
instead of fixed threshold, which is conservative, proposing
the adaptive threshold setting for this problem.

The rest of the paper is organized as follows: In Section
2, preliminaries and problem formulation are given. The
solution to the problem is derived in Section 3. Section
4 is concerned with threshold computation and residual
evaluation steps in fault detection. In Section 5, design
example is given to show the effectiveness of the results,
followed by conclusion in Section 6

2. PRELIMINARIES AND PROBLEM
FORMULATION

2.1 Notations and Assumptions

The notations used in this paper are fairly common and
standard. In this paper following assumptions are made:
ADT switching constraint. The pair (A;, C;) is detectable.
For (1), fault detectability condition,

CZ(SI— Ai)ileij + Df” # 0 holds, where Bf” and Df”
denote the jth columns of By; and Dy;, respectively and
matrix Dy, is invertible which implies also that number of
faults are equal to number of outputs, that is, g = m

2.2 Switched System and Fault Detection Filters Models -
Asynchronous Switching Problem

Consider the following class of continuous-time switched
systems
i(t) = Aoz (t) + Boyu () + Baoyd (t) + Bpog) (1)
y(t) = Cowya(t) + Dopyult) + Dagyd (t) + Do) f (1)
(1)
where z(t) € R™ is the state vector, u(t) € R" is the
control input vector, y(t) € R™ is the output vector,
d(t) € RP is the unknown inputs ( disturbances, noise)
vector, f(t) € R? is the vector, o(t) is a switching signal
which is piecewise constant function o : [0,00) — p.
Such a function ¢ has a finite number of switching times
and takes a constant value on every interval between two
consecutive switching times. The role of o(¢) is to specify,
at each instant ¢, the index o(t) € p of the active subsys-
tem. Ag ), Bo(t)s Co(t)s Do), Bao(t)s Dao(t)s Bro(t)s Dyo(t)

are the systems, disturbances and fault coupling matrices
with appropriate dimensions and
Asty = Aoty + AAs(1); Bo(t) = Bo(t) + ABs ),
Coty = Co(t) + ACs(t), Doty = Doty + ADs (),
Baot) = Bao(t) + ABaos(t); Dao(t) = Dao(t) + ADgo(1)
Where7 AAa(t)7 ABG‘(t)a ACU(t)? ADG’(t)? A-Bdo(t)v ADdO’(t)
are norm bounded uncertainties with following definition
AAgy = EoyA(t)Goty, ABoy = Eoy A(t) Hy(r)
ABgo) = EqtyA(t) Jo) ACs 1) = Foy A(t)G o
AD, 4y = Foiy A(t)Hy(ty AD gy = Fo) A(t) It
where E, (1), Fo 1), Go(t)s Ho(t), Jo(r) are known matrices of
appropriate dimensions and A(¢) is unknown but norm
bounded A(t)TA(t) < I. We denote the association of
these matrices with particular switching signal instant
o(t) = i by Ay = Ai, where i = 1,2,...N, number of
subsystems involved. In order to generate residual signal,
the following switched fault detection filter model is used
as residual generator.

2(t) = A8 (t) + Borpyu(t) — Loy (y(t) — §(t))

§(t) = CoryZ(t) + Dor(ryu(?)

r(t) = Hor () (y(t) — 9(t)) (2)
Where L,y € R™*™ and Hyy € 9" are the pa-
rameters of the filter to be designed with respect to the
each subsystem ¢ € {1,2,...N}. Similar to the system, the
switching between different modes of the filter depends
on the switching signal ¢’(t), shown in Fig. 1. The phe-
nomenon of asynchronous switching is shown in the Fig.
2. It is easy to see that each filter lags by some time A; to
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Fig. 1. Switched system and filters
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Fig. 2. Asynchronous switching-filters and subsystems

2.8 Definitions and Lemmas

Lemma 1. Liberzon (2003); A switched system

() = A;z(t) + Biu(t)
y(t) = Ciz(t) + Diu(t)
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where i € {1,2,...N} is said to be globally asymptotically
stable with average dwell time (ADT)

Inp

«

To > Ta™*

and satisfies the H,, performance with index no greater
than v = max(y;), if there exists Lyapunov functions
Vi(z(t)) Vi € {1,2,...N} such that

o Vila(t) < aV;(a(t)
o Vi(z(t)) < —aVi(a(t)) — y" ()y(t) +v*u" (t)u(t)
Vi, j€{1,2,..N} and i # j
Lemma 2. Ding (2008); Let G,L,E and F(t) are real
matrices of appropriate dimensions with F(t) being a
matrix function and F(¢)T F(t) < I then
for any € > 0

1
LFWE+ETFT(t)L" < ~LL" + ¢E"E
€

2.4 H_/Hs FDF and Fault Isolation

Each subsystem of the considered switched system is
Linear Time Invariant (LTT) and therefore each subsystem
individually can be represented by a transfer function
Gi(s) = (4;,B;,C;,D;) Vi € {1,2,...,N}. Tt is intended
to design FDF such that there is,

(1) [ 75(@) llo=mi || £(2) [l Vi € {1,2,..N} and
(2) [[ ra(t) l2< v |l d(t) |l Vi€ {1,2,..N}.

Residual signal R(s) during each mode is given as
R(s) = Fi(s)(Gai(s)d(s) + Gri(s) f(s))
where, F;(s) = (A; + L;Cy, L;, H;C;, H;) is the post filter

for each subsystem of the switched system, for further
details, see Li et al. (2006).

3. SOLUTION TO THE H_/H.,PROBLEM

H_/H,, solution is a sort of compromise between max-
imizing sensitivity level and minimizing disturbance at-
tenuation level. To this end, different variants may exist.
Details of the our derived results are given in following
Theorem 1.

Theorem 1. Given System (1),and suppose that AT (£)A(¢)
1,a>0,p>0, u;p >0, u2 >0, and 7; > 1, if there exist
P, > 0,F; > 0 fori # j, and 4,5 € N such that the
following inequalities

|:P11ij P12ij:| >0 |:P11i P12i:| >0 (3)

* Py * Pag;
Py Proj P15 Proj
< J 4
[ * Pagj =H « Paij “)
P15 Proj Py Pro;
< 5
[ 5 Pyyj| =H2| 5 Pay 5)
Uy Uy Uiy Uy G Dy Tt Wy
* Woy Wos \11%4 ~C"Dy T W
* * \1133 eH; J1 0 0
i <0 6
* * * \1144 DdiTDfi_T’f]iT 0 ( )
x % % * —1I Wsg
O * * —el

<

133

Qi Q2 Q3 Qs G Dy T Qe
* gy Qo3 9%4 _CiTDfiiTniT Qg6
Q H: J: Q) 0
* * 33 € 5 Ji . 35_T " <0 (7)
* * * Q44 de Dfi ;i 0
* ok % * -1 Qs6
* % % * * —el
hold, where

Uy = AT P + CT Dy T BT Pro™ + PruiA;
+ Py2iBpiDyi ' Ci + eGT G + aPry;

Uig = AT Pio; + CF Dy "By Pogi™ + PioA;
— Pi9;ByiDyi 'Oy + a Py

W13 = P11;Bi + Pio;B; + €G] H;

Wiy = P11;Bai + PlziBfinledi +eGTJ;

Vi =P + PlQiBfiniilFi

Woy = AT Pag; — CT D T By Pagi + Pani A;
- PzziBfinflCi + aPoy;

W3 = Pio;" Bi + Pas; By, U3 = eH H; — 7}

Uyy = Pry;" Bai + Pa2iByiDy;' Das

o = Pro; " B + P22iBfiD;ilFi

Uy =eJ] Ji =77, Us6 = _UiD;z‘lFi

Q= A] Py + Cf Dy ™" Bpi” Prayj” + Puiij4;
+ Py9ijBsiDpi ' Cy + €G]TG_]‘ — pPryj

o = A] Proij + Cf Dy T Byi" Pagij” + Praij A
— P12ijBfini71C’i — pPia;

Qi3 = Pi1i; Bj + P2y Bi + Plzz‘jBfinlej
— P13 By Dy ' D; + GT H;

Q44 = Pr1ij By + Pi2ijBpiDpi ' Dyj + €G"J

Q6 = Pr1ijE; + PraiyBpiDypi ' Fj

Qoo = A] Posij — Cf D™ Byi" Pasij + PanijAs
— Py2ijByiDyi ™ Ci — pPasij

Qo3 = Pra;;" Bj + Pa2ijBi + Pa2ijBriDyi~ ' Dj
— PyijByiDyi ' Di, Q33 = eH] Hj — v}

Qa4 = Praij" Byj + PanijByiDy} Dy

Qo6 = Proij” Ej + Paoij By Dy, F;

Qg5 = DI Dy~ "0, T — DI Dy~ "

Quq = eJJTJj - %J‘QI, Q56 = —mDﬁlFJ‘

then, switched system (1) and detection filter (2) are
globally asymptotically stable in augmented form, the
H_/H,, filter design objective is met, and occurring faults
are isolated for any switching signal with (ADT) 7, >

TS = lnT“ Further, objective post-filer can be obtained
by Fi(S) = (AZ —|— LiciaLi7HiCiaHi) S %Hgoxm And

parameters of detection filter are given by
Li=—ByDy ' Hy =nDsi "
Proof 1. we require that || F;G ||~ > n; and also we know
that
Fi(S)Gﬁ(S) = (Ai =+ LiCz’, Bfi +
L;Dy;, H;C;, H;Dy;) € RHL™
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To achieve the above mentioned objective, we should have

Flel = 771']7 so that ||Fini||, > Vi € {172, N} This
can be achieved easily by setting
From these two equations, we can find L; = —Bf,»Dfi_1

S H; = mei_l Now, for the desired L; and H; the only
remaining part of the problem is to find out H,, norm of
F;Ga;,Vi € {1,2,...N}. To this end, we use Lemma 1 under
asynchronous paradigm during matched and unmatched
period.

Stability Analysis during Matched Period:

During the matched period, ith subsystem and ith filter
are in operation, see Fig.2. We augment the switched
system (1) and detection filter (2) into the following
compact representation during matched period

E(t) = (Ai + AA)E) 4+ Brif(t) + (Bi + AB;))w(t)
r(t) = (C; + AC)E(t) + Dyif(t) + (D; + AD;)w(t) (8)

T

where, #(t) = [z(t)" 2(1)7]", w(t) = [u®)” d(t)"]

] A, 0 [ A4 0
Ai—[ LiC; A; +LC} Adi = [—LZACZ- o}
5 _ |Bi Ba 5 AB; AByg;
Bi = [Bi —LZ-DdZ} AB; = { L.AD; —L, ADdJ
C; = [HiC; —H;C;),AC; = [H;AC; 0]

D; = [0 H;Dg],AD; =

y Byl -
Byi = [ Of} » Dyi = [HiDyi]

[H;AD; H;ADg;)

Using Lemmal, during matched period,

Vi(2(1)) < uV;(2(1)) 9)
Vi(&(t)) < —aVi(#(t) — rTr(t) +2fw(®) w(t)  (10)
Considering the following Lyapunov function,
Vi(&(t)) = & (t) P(t) (11)
Differentiating (11)
Vi(@(1) = 2" () PE(t) + &7 (¢) P (t) (12)
Substituting r(t) and (11), (1 ) n (10), and also
A= (A;+AA;),B=(B; + AB;)
C=(C;+AC),D = (Dz— +AD;)
following inequality is obtained
FL()PE() + & (4 Pi(t) + [Ca(t) + Diwo(t)]
[Cid(t) + Diw(t)] < —az” () PE(t) +7iw(t) w(t)
(13)
Further, substituting the expression for Z(t)
[AiE(t) + Biw(t)] Pi(t) + &7 (t)P; [Ai(t) + Biw(t)]
+@"(O)CT +w" (D] )(Ci(t) + Diw(t))
< —ait () PE(t) + viw(t) w(t))

(14) can be written easily in following form

[# (1) AT P, + o (1) B P #(t) + 27 (1) P A (1)
+27 (1) P;Biw(t) + 27 (1) CT Ciz(t)
+37 () CT Diw(t) + wT () DI Cyi(t) (15)
+wT () D] Diw(t)) + az” (t) P (t)
=W (Hw(t) <
Further, the above inequality can be written as
570 ") M 3] <o (16)
Where,
o T o T o g T o
M= A P+PA+C; Ci+aPb P#;;#Ci D;
* D; D; — 21
for (16) to hold, it is required that
M <0 (17)

After Schur’s compliment is applied to (17), we get
AlTPl—f—PlAl—FOéPl PB éT
* —~2T D

* * —I

<0  (18)

To separate the uncertainties terms, sphttmg the LMI (18)

AP+ PA +aP, BB G

* —2I D |+
* * —1I
- ~ R o (19)
AA; P+ P,AA; P,AB;, AC;
* * 0

second matrix in above inequality can be written into
following following form

[E1 E2E3000 —H;F]" A(t)[0 G 0 H J 0 0]
+H[E1 E2 E3000 —H,F]" A(t)[0 G 0 H J 0 0]]”
(20)
According to Lemma 2, we know that (18) holds if there
exists € > 0 so that

/L'TPZ' + P,A; + aP; P,B; éz'T
% — 12] ﬁiT
* * -1

R o0 BT [FL B2 E3000 —HF]
€

+e0GOH JOO0 [0GOHJOO0] <0

(21)

Finally, by applying Schur’s complement again,

v PB+eGTH CT PE

2 T T

x —v2 I +eH"H D 0

* * —I —H;F <0 (22)

* * *  —el
where ;3 = /L*Tpi + Pl/L + aP; + GGTG, G = [GO], H =

[HJ), ET = [ET(~L:F)7|

Then, substituting, L; and H; in (22
Theorem 1 is obtained.

Stability Analysis during Unmatched Period: Dur-
ing the unmatched period, jth subsystem and ith filter are

), LMI (6) of the
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switched together, see Fig.2. We augment the switched sys-
tem (1) and detection filter (2) into the following compact
representation during unmatched period

B(t) = (Aij + AAij)E(t) + Byij f(t) + (Bij + AByj))w(t)
r(t) = (Cij + AC;))E(t) + Dy f(t) + (Dij + ADyj)w(t)

(23)
where, #(t) = [z(t)" 2(1)7]", w(t) = [u®)” dt)T]"

- 4 0 - AA; 0
Aw:;ﬁ%&+u@ym%:ﬁu&%J
g - | B; By

W = |B; — LiD; + LiD; —L;Dy;

- [ AB;,  ABy
ABi=|_r.Ab, —LiAf)dj]

D;; = [H;D; — H;D; H;Dgj),AC;; = [H;AC; 0]
9 Bel o
Byij = { (ﬂ s Dyij = [HiDjj]
During unmatched period, using Lemma 1
Vi (Z()) < po;(2(1)) (24)

Vig (#(8) < pVig(#(1)) = rTr(t) + e () w(t)  (25)
where ¢ # j and i,j € N During unmatched period, the
following Lyapunov function is used

Vii (1)) = 27 (t) Py E(t) (26)
To derive further the results of Theorem, we apply the
same procedure as it is done earlier for matched period. To

this end, we skip the next steps which result in inequality
(7) of Theorem 1. [ |

4. ADAPTIVE THRESHOLD COMPUTATION AND
RESIDUAL EVALUATION

After successful residual generation, the next step is to
evaluate further the residual signal. In this work following
residual evaluation function is used

=\l r(t) llras= (& [ | r(r) |?)2d

where, T is the evaluation window.

Along with residual evaluation function, the threshold
computation is also required for efficient detection of
faults. Threshold value is the maximum influence of un-
known inputs (disturbances, noises) and model uncertain-
ties on the residual signal in the absence of faults. Thresh-
old can also be of different types like fixed, adaptive, or
dynamic Abdo et al. (2011); Khan and Ding (2011) In this
research the following adaptive threshold is employed,

JrMms

Jadap.th,a(t)RMS,Q - 2ot )(6d 2,0(t) + ||U||2 o(t) )

where, 7, (t) is mode dependent robustness factor, 64,2 ()
is norm bounded, mode dependent disturbance acting on
the corresponding mode which can be found set off-line
and [|ul|2,4(¢) is input which is time dependent parameter,
computed on-line. Finally, decision about the presence of
fault in the system is made by the following logic

o Jrvs < Jin,rms,2 = No FAULT
® Jrms > Jin,rms,2 = Detected FAULT

5. CASE STUDY: APPLICATION TO
BOOST-CONVERTER UNIT

In this section simulation results for the case study of
boost-converter unit are presented. The Simulation time
is setup for 30s, such that, subsystem 1 is activated when
o(t) = 1 and subsystem 2 when o(t) = 0. Two faults, f1(?)
= -1 short duration fault, and f2(¢) = 1 of biased type are
simulated. fi(t) is considered as battery fault while f2(t) as
converter fault in capacitor. Details of temporal switching
behavior of subsystems, filters and faults can be seen in

Fig. 4.
IW—’W\ BI
T
Fig. 3. Boost converter circuit- Tanwani et al. (2011)

r

_& 0 l
Al = L 1 Bl L
0 —— 0
RC
B 1 1
A2: lL % aB2: g
C  RC

Next, we discuss the results, based on following design
parameters of boost converter shown in Fig.3 Tanwani
et al. (2011). Ry, = 0.2 ohms, L = 0.05 mH, C =
200 p F, R = 24 ohms, and vy = 12 volts. Here, we
assume that both state variables ir, inductor current,
and ve, capacitor voltage, are available for measurement,
and voltage vs is known. The battery converter unit is a
switched system, operating in two modes. In mode 1, the
transistor switch SW is CLOSED and the diode switch
D is OPENED, which corresponds to system dynamics
Aq, Bi. In mode 2, the transistor switch SW is OPENED
and the diode switch D is CLOSED, which corresponds to
system dynamics Ay, Bo,

To this end, the dynamics of boost converter in matrices
form are given below

~4000 0 20000 10
A= [ 0 —208.33} B = [ 0 }’Cl— [0 1}’
_[-01003] , _[002 —01] , _[03
Ba = {—0.2 0.1} Dar = {—0.01 0.02] D1 = [0 } !

20000 0 0.30 0.2
Bp = { 0 } Dp = {0 1} B = {0.35}’

0.1
b= {0.25} ;G =1[0.20.3], Hy = [0.2], ./, = [0.3 0.2]

4000 —20000 20000 10
Az = [5000 —208.33] B2 = [ 0 } Oz = [0 1}
 [-0.01 —0.03 011 0.3 o2
Bd?‘[ 0.1 —0.16} Daz = {02 —001]’D2—{0}7

20000 0 0.2 0 0.3
Byz = { 0 } Dy = [0 1] Ep = [0.25}
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Py = [00-225} ,Gla = 0.3 0.2], Hy = [0.3], Jo = [0.2 0.35]

By solving LMIs (3)-(7) of Theorem 1, we find the distur-
bance attenuation levels are y; = 0.3873,v2 = 0.7071 and
the filter parameters are found to be

—66667 0} H1= {3.3333 0 }

Ll:[ 0 0 0 1.0000

0 0 0 1.0000

Then, the battery-converter system is simulated as in Fig.
4. The residual signals for the system in absence and
presence of faults are depicted in Fig. 5. Here it is easy
to see that fy(t) affects only the r1(¢) whereas fa(t) has
influence exclusively to ro(t). In this way, not only both
faults are successfully detected but also isolated (located).
Finally, to avoid false alarms, residuals are evaluated by
RMS and adaptive thresholds are set according to section
IV discussion, which are depicted in Fig.6. For residual
evaluation window size T is set to 10. Fault is detected
properly when evaluated residuals cross their respective
adaptive thresholds values just after the occurrence of
faults at time 3s and 8s.

19— {—100000 0} H2 = [5.0000 0 ]

Switching and Fault Signals
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Fig. 4. (1) and (2): Switching signals
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Fig. 6. Evaluated residuals and thresholds

6. CONCLUSION

In this paper, the problem of fault detection and isolation
for continuous-time uncertain switched system has been
addressed. Due to nature of power converter system as
switched system, fault detection filter is assumed to be
switching asynchronously with modes of converter. Solu-
tion is provided in the form of a mixed H_/H. fault
detection filter. To improve the fault detection adaptive
threshold is employed. Results show the effectiveness of
proposed strategy.
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